What we believe to be a new principle is introduced for the design and selection of gradient-index antireflection profiles that are effective over a wide range of incident angles as well as wavelengths at a given physical film thickness. It is shown that at oblique incidence the smoothness of the optical path of incident light inside a gradient-index film has a crucial effect on the overall reflection. Thus the smoothness of variations in refractive angle (rather than that of the index profile itself) needs to be maximized for wide-angle operation. As an example, the performance of Gaussian and Quintic profiles at large incident angles are considered in light of this point of view.
Introduction
Antireflection coating (ARC) is key to suppression of undesired interfacial Fresnel reflections in optical components and devices. While the well-known singlelayer quarter-wave film can in theory lead to zero reflection at a single wavelength, broadband ARC is often needed for many applications. In practice coating materials with the required refractive index for the quarter-wave antireflective (AR) film may not be available. To address these issues, a multilayer stack of homogeneous thin films has been investigated extensively for over half a century [1] , resulting in the development of a rich variety of multilayer thin film schemes [2] and design methodologies [3] .
An alternative broadband ARC solution is a layer of inhomogeneous film with gradient-index in which the refractive index varies gradually and monotonically along its thickness from the ambient (usually air) index to the substrate index [4] . Many specific gradientindex profiles including Quintic [5] , Gaussian [6] , Exponential [7] , Exponential-Sine [8] , and Klopfenstein [9] have been investigated previously. Compared to multilayer uniform films, gradient-index ARC can be less sensitive to the angle of incidence [10] , and is thus desirable for use in applications such as solar cells [11] and light-emitting diodes [12] that require effective ARC over a wide range of incident angles and where the gradient-index can be implemented by techniques such as patterning of subwavelength surfacerelief "moth eye" structures [13] . Yet, while numerous designs of multilayer ARC for oblique incident angles were previously reported [14 -18] , there is relatively little literature on the design and performance of gradient-index ARC at grazing incident angles. Recently, Poitras and Dobrowolski [19] pointed out that at oblique angles, a smooth variation of the spatially dependent refractive angle inside a gradient-index ARC is necessary to reduce polarization splitting in reflectance of the film. They also noted that performance is significantly degraded at large refractive angles due to deformation of the index profile as seen by the light. To partly remedy this, they showed that by applying a spatial scaling to an index profile that effectively elongates the portion close to the ambient 0003-6935/07/266533-06$15.00/0 © 2007 Optical Society of America side, the resultant modified profile has improved performance at large incident angles over its original counterpart. However, this comes at the expense of increased physical thickness of the film and slight performance degradation at near-normal incidence.
The purpose of this paper is to report, what we believe to be, a new principle for the design and selection of gradient-index ARC profiles that are effective over a wide range of incident angles as well as wavelengths, without the need for an extension of the film's thickness. It is shown that large variations in the optical path (which is characterized by the refractive angle) of incident light inside a gradient-index film directly lead to an increase in the overall reflection at oblique incidence. This effect becomes more prominent at large angles. Thus, it is the smoothness of variations in refractive angle rather than that of the index profile itself that needs to be maximized for wide-angle operation. As an example, we show that the Gaussian profile outperforms the Quintic at large incident angles and consider this result in light of the refractive angle point of view.
Results and Discussion

A. Design of Optical Path
The geometry of a gradient-index ARC is shown in Fig. 1 . The inhomogeneous film is placed on a substrate with an index n max , and the ambient is assumed to have an index n min . The ambient-film interface is at z ϭ 0 while the film-substrate interface is at z ϭ d, where z is the physical distance normal to the film surface. Inside the film the refractive index n͑z͒ varies continuously from n min to n max . All media are assumed to be nondispersive and nonabsorbing.
Light is incident upon the film surface from the ambience at an angle 0 , and inside the film the tangential propagation direction of light is characterized by the spatially dependent refractive angle ͑z͒.
For a gradient-index profile, it is important to consider the optical thickness x. The incremental optical thickness ⌬x is related to the incremental physical thickness ⌬z by ⌬z ϭ ⌬x͞n͑x͒, so that
At oblique incidence, the optical characteristics of the film are different for TE and TM incident polarizations. We can define the characteristic index for the two polarizations in terms of the optical thickness as
where cos͑͑x͒͒ is obtained by
The refractive angle within the coating, ͑x͒, can be obtained from Snell's law, that determines the optical path of light propagating inside the coating. By the law of reflection at the interface of two optical materials (Fresnel reflection), the incremental reflectance dr TE ͑x͒ within the coating for the TE polarization is then given by
The incremental reflectance for TM polarization has exactly the same form but with n TM ͑x͒ instead. We can treat the continuous index function as an infinite series of discrete lamellar layers of thickness of dx and calculate the reflectance as a function of x directly by the Fresnel equation, Eq. (4). At a large angle of incidence, cos͑͑x͒͒ will approach zero, leading to a great variation of the characteristic index in tiny increments of ͑x͒. Therefore, the reflectance would be significantly increased according to Eq. (4). Based on this argument, we make an assertion: the variation of refractive angle within the coating has great influence on the performance of gradient-index ARC.
It is well known that smooth refractive index profile is needed for optimal ARC. Now we have an alterative point of view: building an index profile in which the refractive angle is smoothly varied within the coating. As an example, we choose a profile wherein the variation of refractive angle is a wellknown smooth sinusoidal function at incident angle of 0 ϭ 75°:
where 1 is the refractive angle in the substrate. The index profile of Eq. (5) is in fact very close to a Gaussian profile of the form
as illustrated in Fig. 2 and shows similar reflectance as the Gaussian profile. We refer to this profile as a Gaussian-type profile.
To illustrate the effect of smoothness of refractive angle profile, we next compare the performance of the Gaussian given by Eq. (6) and Quintic profile of the form
These two index profiles are expressed in terms of their optical distance, x. While the physical thickness is the actual coating thickness, the optical thickness can be regarded as the imaginary thickness seen by the electromagnetic wave. With optical thickness, x ϭ 1 0 , where 0 is the wavelength in vacuum, Quintic exhibits physical thickness of z Quintic ϭ 0.7 0 , while Gaussian has z Gaussian ϭ 0.78 0 .
Shown in Fig. 3 is the calculated reflectance of the two profiles as a function of incident angle. Insets are the zoom-in diagrams. The light is assumed to be incident from air ͑n min ϭ 1.0͒ with wavelength of 0 ϭ 1 m and the substrate is assumed to be aluminum nitride ͑n max ϭ 2.06͒. Two physical thicknesses are considered of 1 m and 3 m. In Fig. 3 one can see that the Gaussian and Quintic profiles show little difference at low incident angle. However, the significant difference is revealed once the incident angle goes to above 60°. Furthermore, the TE polarization is indiscernible to the TM polarization under Gaussian while the polarizations are split with Quintic. We consider the reduced polarization splitting under the Gaussian profile to be evidence that variation of the refractive angle in Gaussian is smoother than that in the Quintic. It is obvious that the 3 m coating gives a better performance than the 1 m coating due to the smoother index variation. If an unpolarized light is illuminated from 0 ϭ 0 to 0 ϭ uniformly, we may obtain the average reflectance by integrating the reflectance's overall angle and dividing the integration by . For 1 m thickness, the Gaussian and Quintic give an angle-averaged reflectance of 5.93% and 7.53%, respectively. The result shows that the Gaussian profile reduces reflectance by about 1.6% compared with Quintic. Figure 4 (a) shows the reflectance with a different wavelength at coating thickness of 1 m. The unpolarized reflectance is given by the average of TE and TM polarizations. One can see the trend that the shorter wavelength performs better due to the relatively high ratio ͑d͞ 0 ͒ of coating thickness to wavelength. We plot the reflectance as a function of wavelength at two angles of incidence, 0 ϭ 70°and 0 ϭ 80°in Fig. 4 . Clearly, the Gaussian is better over a wide range of wavelength. It was previously shown that the Gaussian profile can have better performance than the Quintic at normal incidence [9] . It is shown here that the same holds true at oblique incidence, and we can consider the refractive angle within the two profiles to gain some physical understanding.
In Fig. 5(a) , we plot both Quintic and Gaussian profiles as a function of optical distance. Figure 5(b) shows the refractive angle within the Gaussian as well as Quintic profile as function of optical distance at ϭ 75°, and Fig. 5(c) gives the incremental reflectance as a function of optical distance for the two profiles. The refractive angle in Quintic has a dramatic change at the front region whereas that of the Gaussian is relatively uniformly varied over the whole coating. Consequently, Quintic gains its top reflectance at about x ϭ 0.18 as shown in Fig. 5(c) while Gaussian has its top reflectance relatively close to the central point. In a nonstrict sense, the integration of reflectance over the whole coating indicates the total reflectance from the inhomogeneous profile. Clearly, the reflectance under Quintic covers more area than that under Gaussian as revealed in Fig.  5(c) . Therefore, Gaussian gives a better ARC performance than Quintic, which agrees with our assertion. At a given coating thickness, the smoothness of the refractive angle can thus be used as a criterion in the synthesis of optimal gradient-index profile for wideangle operation. Alternatively, given a pool of candidate profiles, the best one for large incident angles can be selected simply by comparing their respective refractive angle profiles.
B. Discretization
In the following, we consider the discretization of the continuous profiles [20 -22] and how it affects the overall performance. It was recently, demonstrated that a large range of arbitrary effective indexes may be realized in a layer of nanorods grown by glacing angle deposition [22] . Therefore we do not put restrictions on the index of our discretized layers. The refractive index and thickness of each layer are obtained by the following procedure:
Y The refractive index is obtained by sampling the original profile at the center of a layer and with equal layer spacing ͑⌬x͒.
Y The thickness of each layer is obtained by performing the integration of Eq. (1), with limits from Ϫx͞2 to x͞2, centering at the sample point. Figure 6(a) illustrates the geometry of ARC consisting of five laminar layers to approximate Gaussian profile. Note that the interference between both ends of each laminar layer is the same. Figure 6(b) shows the calculated results with various numbers of layers. It can be seen that as few as five discrete homogeneous layers are sufficient for approximating Gaussian for ARC between air and AIN that show good performance. This is a direct consequence of the fact that the fine structure is not resolvable under one-fifth of a wavelength with an index variation from 1 to 2.06. If we increase the index variation, more than five layers may be necessary to approximate the original profile.
Conclusion
At large incident angles, the magnitude of total reflection from a gradient-index film is mainly influenced by the smoothness of the optical path inside the film. The smoothness of the optical path can thus be used as a design criterion for omnidirectional ARC profile. This point of view can also be used to explain the performance difference between gradient-index profiles such as the Gaussian and Quintic. In addition, the Gaussian profile can be sufficiently approximated by as little as five discrete homogeneous layers for an ARC between air and AIN.
